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Abstract:M5-branes on an ADE singularity are described by certain six-dimensional
“conformal matter” superconformal field theories. Their Higgs moduli spaces con-
tain information about various dynamical processes for the M5s; however, they are
not directly accessible due to the lack of a Lagrangian formulation. Using anomaly
matching, we compute their dimensions. The result implies that M5 fractions can
recombine in several different ways, where the M5s are leaving behind frozen ver-
sions of the singularity. The anomaly polynomial gives hints about the nature of the
freezing. We also check the Higgs dimension formula by comparing it with various
existing conjectures for the CFTs one obtains by torus compactifications down to
four and three dimensions. Aided by our results, we also extend those conjectures to
compactifications of theories not previously considered. These involve class S theo-
ries with twisted punctures in four dimensions, and affine-Dynkin-shaped quivers in
three dimensions.
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1 Introduction
The dynamics of M5-branes is one of the most mysterious corners of string theory.
It is described by a six-dimensional N = (2, 0) superconformal field theory (SCFT)
without a known Lagrangian description.
A possible way to attack the problem is to see how the M5s interact with other
objects. In particular, we can study how a stack of N M5s behaves on a R4/ΓG ×R
singularity, where ΓG is a discrete subgroup of SU(2) (associated to a Lie group
G by the McKay correspondence). Efforts in this direction are very old, but have
been revived more recently thanks to progress in F-theory and holography. The
resulting SCFT, which is denoted by TG(N − 1), has N = (1, 0) supersymmetry and
a G×G flavor symmetry. For a ΓG = Zk singularity [1, 2] one can obtain an effective
description, valid on the tensor branch, the locus where the scalars φi in the tensor
multiplets have generic vevs. Those tensors are coupled to a chain of G = SU(k)
gauge groups and bifundamental hypermultiplets. For ΓG = Dk, G = SO(2k), one
gets an alternating sequence of USp(2k− 8) and SO(2k) gauge groups. For G = Ek,
one can obtain an effective description by using a dual F-theory description involving
seven-branes wrapping a chain of curves. It consists of a more exotic sequence of
gauge groups (called “conformal matter” in [3]), also coupled to copies of the so-
called E-string theory, a theory with one tensor multiplet and E8 flavor symmetry.
Both in the Dk and in Ek examples, the number of tensor multiplets is a multiple of
the number of M5-branes; this is naturally interpreted as the fact that each M5 can
break in several fractional M5s [3]. (In the Dk case, this was observed earlier in the
IIA frame using NS5s on O6-planes [4].)
In the IIA duality frame, it is also possible [5, 6] to modify the theories TSU(k)(N)
by introducing D8s; these additional theories can be interpreted [7] as the result of
giving nilpotent vevs to some fields, thus activating a Higgs mechanism which breaks
the SU(k) × SU(k) flavor symmetry. The resulting theories, which are denoted
by TSU(k)({YL, YR}, N), are labeled by two nilpotent elements, one for each copy of
SU(k) in the flavor symmetry group. The AdS7 duals to these theories were found in
[8–10]. There is also an F-theory dual realization, where the nilpotent vevs appear as
the residues for poles of the Hitchin equation living on some seven-branes [3], making
them examples of “T-branes” [11]. The F-theory realization is more general: it allows
us to find these T-brane theories TG({YL, YR}, N) where the IIA picture breaks down,
which includes many Dk cases and all Ek ones [12]. In the latter case the nilpotent
elements YL,R are classified by so-called “Bala–Carter labels” (see e.g. [13]).
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The dimension dH of the Higgs moduli space for all these T-brane theories was
studied in [14], both as a check of the F-theoretic predictions and as a way to bet-
ter understand the physics described by these theories. Using anomaly considera-
tions, it was possible to show that the difference in dH between two T-brane theories
TG({YL, YR}, N), TG({Y ′L, Y ′R}, N) was equal to the difference dYL + dYR − dY ′L − dY ′R ,
where dY is the dimension of the nilpotent orbit of Y (namely, of the space of all
nilpotent elements in G conjugated to Y ). This provided a strong cross-check of the
F-theory predictions for T-brane theories. In [14], however, only differences of dH
were computed, and not dH itself. This was because the Higgs moduli space one com-
putes from an effective description on the tensor branch, deffH , is not always the same
as the Higgs moduli space dCFTH of the CFT, which lives at the origin of the tensor
branch, where the tensor multiplets scalars φi = 0. In other words, in general there
can be a dimension jump: the Higgs moduli space lives at every point of the tensor
branch, and its dimension has a generic value deffH on a generic tensor branch point,
while it can have a larger dimension on non-generic points, and an even higher value
dCFTH at the CFT point at the origin. (To give justice to this stratified structure, the
expression “Higgs branch” is a bit misleading. We will however use it in this paper
for convenience.) This dimension jump issue is interesting as a field theory issue, but
also because it has to do with what happens when M5 fractions meet each other —
or in other words with strongly coupled M5 dynamics.
In this paper we address this problem, and compute dCFTH . We start by consid-
ering the original theories TG(N). It is possible to pull the M5s away from the ΓG
singularity: in other words, there should exist a flow from TG(N) to a N = (2, 0)
theory, plus dCFTH additional free hypermultiplets. This property was called “Hig-
gsable to N = (2, 0)” (HN) in [15]; here we use again anomaly matching to find that
it imposes constraints on the field content, and thus on dCFTH . The result reads
dCFTH = nH − nV + 29nGS , nGS ≡
∑
i,j
η−1ij (2− ηii)(2− ηjj) . (1.1)
Here nH and nV are the numbers of hypermultiplets and vector multiplets respec-
tively; the contribution nH − nV is thus what one expects from field theories in
other dimensions. nGS is a Green–Schwarz-like contribution to a certain gravita-
tional anomaly, in terms of η, the adjacency matrix of the theory, to be reviewed
below. (In the F-theory realization, η is simply the intersection matrix of the seven-
branes; in purely field-theoretical terms, this summarizes the string charges of an
instanton string of each individual gauge group, and how they are coupled.) For
TG({YL, YR}, N), (1.1) gives
dCFTH = N + 1 + dim(G)− dYL − dYR . (1.2)
While TG(N) satisfy the HN constraints by construction, there are other inter-
esting examples. These consist of theories where the M5 fractions get reassembled
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in several different ways, leaving behind a “frozen” [15–18] (or partially so) version
of the ΓG singularities, where the flavor gauge group becomes a group Gfr which can
now be non-simply-laced (or empty). In such processes, some tensor multiplets are
lost, and hypermultiplets are generated. (They are sometimes called “small instan-
ton transitions”, since they were first observed to happen for M5-branes turning into
small instantons on an E8 wall.) We denote the SCFT associated with N M5-branes
on the (partially) frozen singularity Gfr by T frG→Gfr(N − 1). In fact, by using the
classification in [19], we find that all examples of the HN theories are of this type
(possibly again decorated by nilpotent elements). For these theories T frG→Gfr(N), the
result (1.2) is still valid, with dim(G) replaced by dim(Gfr).
As a cross-check, we also compare our results with the Higgs moduli space dimen-
sions of the theories one expects upon torus dimensional reduction. Indeed, explicit
proposals were made [15, 20, 21] for the T 2 compactifications of the G = SU(k)
and G = SO(2k) T-brane theories, in terms of class S theories. For example, the
particular case TG(0), describing a single M5 on a ΓG singularity, was identified in
[15] as a class S theory of type G associated to a sphere with one minimal and two
maximal punctures. Our Higgs dimension matches with what one computes from
these various four-dimensional proposals, as one expects.
Drawing lessons from this computation, we can also propose natural generaliza-
tions of [15, 20, 21] to TEk({YL, YR}, N), or to T frG→Gfr(N), for non-simply-laced Gfr.
Both still involve class S theories. In the non-simply-laced case, we make use of
theories with twisted punctures, arising from a fixture of a larger simply-laced group
G. While these proposals are a little less explicit than the cases in [15, 20, 21], they
still pass the test of Higgs dimension comparison.
A particularly interesting case is when Gfr is trivial, Gfr = {1} (which by an
abuse of language we will denote by ∅); namely, the completely frozen case. For
these theories, (1.2) gives the CFT Higgs branch dimension of T frG→∅(N−1) to be N .
The T 3 compactification of T frG→∅(0) (i.e. one M5-brane) also has a Coulomb branch
equal to the dual Coxeter number of G. This suggests the Higgs moduli space is
simply a symmetric product of C2/ΓG, and gives in turn a natural conjecture for
the T 3 compactification in terms of quivers with the shape of the extended Dynkin
diagram of G. Both this and the T 2 compactifications discussed earlier give examples
of applications of our formulas (1.1), (1.2).
In section 2 we will give a short review of how six-dimensional theories are realized
in F-theory; we will also review how it leads to the theory of fractional M5s, and
define the partially frozen versions of these theories. In section 3 we will define some
of the terminology we will use in the rest of the paper. In section 4 we derive the
constraints that follow from those definitions and anomaly matching, and use them
to derive (1.1). We then apply this result in section 5 to point out some simple results
about M5 recombination. In sections 6, 7 and 8 we look at T 2 compactifications of
our theories, and in section 9 at T 3 compactifications of completely frozen theories.
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2 F-theory and fractional M5-branes
We will start by reviewing some aspects of how F-theory engineers six-dimensional
theories and fractional M5-branes. In the last subsection we will introduce frozen
conformal matter, and characterize it.
2.1 6d theories from F-theory
We will use at various points the language of F-theory to describe our six-dimensional
theories. Let us quickly review the basics of this; for more information see for ex-
ample [19, 22]. Each theory is engineered by a tree (in fact, most often a chain)
of seven-branes wrapping non-trivial curves. Each curve is characterized by its self-
intersection, and by the gauge algebra, which is dictated by the Kodaira degenera-
tion of the elliptic fibration over the curve. This is usually summarized by a diagram
where a curve is represented by an integer 1 ≤ n ≤ 12 (representing self-intersection
−n) with the gauge algebra on top. For example su22 represents a curve with self-
intersection number −2 and with gauge algebra su2. There can also be “empty”
curves without a gauge algebra: this can happen for n = 1 or 2. For n = 2, this
represents the N = (2, 0) theory of type A1; for n = 1, it represents the so-called
“E-string theory”, which has a tensor but also an E8 flavor symmetry. Finally, non-
compact curves may also be present; their would-be gauge algebra is then a flavor
symmetry, and is usually denoted within square brackets. An elaborate example
where all these features are present is
[E8] 1 2
su2
2
g2
3 1
f4
5 1
g2
3
su2
2 2 1
e8
12 1 2
su2
2
g2
3 1
f4
5 1
g2
3
su2
2 2 1 [E8] (2.1)
which is actually an example of the conformal matter theories mentioned in the
introduction: it describes 2 M5s on a ΓE8 singularity, each of which has broken down
in 12 fractions. There is an E8 × E8 flavor symmetry, each carried by an E-string
theory, represented by an empty (−1)-curve. There are also several more copies of
the E-string in (2.1). The two (−1)-curves touching the
e8
12 curve are E-string theories
whose E8 flavor symmetry has been fully gauged; the other four (−1)-curves touch
each a g2 and a f4 gauge algebra, which means that a subalgebra g2 ⊕ f4 of the E8
flavor has been gauged.
So far we have described a 6d theory on a generic point of its tensor branch. It
is sometimes useful to consider a non-generic locus that one can obtain by “blowing
down” the −1 curves, that is by shrinking them to zero size. A classic algebraic-
geometrical result says that the self-intersection of the neighboring curves changes by
1: namely, . . . n1m. . .→ . . . (n− 1)(m− 1) . . .. This might create new (−1)-curves,
that can be shrunk as well. The locus on the tensor branch of the theory where there
are no longer any (−1)-curve is called the “endpoint”. For example for (2.1) it can
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be checked that the endpoint consists of a single compact curve:
[E8]
e8
2 [E8] . (2.2)
It represents the locus where the 24 M5 fractions have coalesced in two full M5.
In [19], a classification of all possible endpoints for a 6d SCFT was obtained.
This lumped many theories together, and a finer classification of 6d SCFTs was then
presented in [22].
Finally, we will need the concept of adjacency matrix η associated to an F-theory
chain. This is an nT × nT matrix, where nT is the number of curves in the chain,
defined by
ηij =
{
ni i = j ,
−1 |i− j| = 1 , (2.3)
where ni is minus the self-intersection number for the i-th curve in the chain. One can
apply this definition also to the endpoint; accordingly, we will call ηend the resulting
nendT × nendT -matrix.
2.2 M5 fractionation
A stack of N M5-branes at a R × R4/ΓG singularity is described by a N = (1, 0)
CFT TG(N − 1). Via a sequence of dualities, this can be described in terms of
F-theory [3]. Naively one would expect N tensor multiplets, whose scalars would
parameterize the N positions along the R direction. At a generic point of this tensor
branch, one would then expect each segment of singularity to give rise to a G vector
multiplet, and bifundamental hypermultiplets connecting neighboring gauge groups.
However, this picture cannot be quite correct: one reason is for G 6= SU(k) that
there is no possible definition of bifundamental representation allowed by anomaly
cancellation. In the F-theory setup, the G gauge groups are realized on seven-branes,
and the problem manifests itself as the fact that a point of contact between two such
branes has a singularity not present in Kodaira’s classification. This can be cured
by blowing up the contact point repeatedly, which result in a sequence of additional
intermediate curves replacing it. The final result is
G = SU(k) : [SU(k)]
suk
2 . . .
suk
2 [SU(k)]
G = SO(2k) : [SO(2k)]
usp2k−8
1
so2k
4 . . . [SO(2k)]
G = E6 : [E6] 1
su3
3 1
e6
6 . . . [E6]
G = E7 : [E7] 1
su2
2
so7
3
su2
2 1
e7
8 . . . [E7]
G = E8 : [E8] 1 2
su2
2
g2
3 1
f4
5 1
g2
3
su2
2 2 1
e8
12 . . . [E8] ,
(2.4)
with the understanding that each sequence of curves is repeated N − 1 times (and
in particular the total number of G gauge factors is N − 1). The two external copies
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of [G] represent a G × G flavor symmetry. A condensed common notation that we
will use sometimes is
[G] (G) . . . (G) [G] . (2.5)
For example, the N = 2, G = E8 case is (2.1), which in the condensed notation we
would write [E8] (E8) [E8]. The endpoint of all these theories is a sequence of
N − 1 (−2)-curves.
We see in (2.4) that for g 6= suk two g gauge algebras are connected by a chain
with its own tensor branch, rather than by the tensor and bifundamental hypermulti-
plet that connect two suk gauge algebras. This chain is the field theory manifestation
of the sequence of blowups we mentioned above; in [3] it was called “conformal mat-
ter theory”.1 We see in particular that for g 6= suk there is more than one tensor
multiplet between two g gauge algebras, rather than just one. As we mentioned, the
point of view of the M-theory interpretation, the scalar in a tensor multiplet repre-
sents the motion of an M5 in the R. Since there are now several tensor multiplets, it
is natural to conjecture that the M5 has now broken down in several fractions. For
the G = SO(2k) case, this has a IIA counterpart in the fact that NS5-branes can
break in two fractions on an O6-plane [4]. For the G = Ek cases, we see from (2.4)
that the number of fractions f is 4 for E6, 6 for E7, 12 for E8. Summarizing,
f(SU(k)) = 1 , f(SO(2k)) = 2 , f(E6) = 4 , f(E7) = 6 , f(E8) = 12 .
(2.6)
Another aspect of (2.4) is that, upon crossing an M5 fraction, the gauge algebra g
gets broken to a subalgebra gfr (possibly even trivial). Since this affects the possible
resolutions of those singularities, this is called a “frozen” version of the singularity.
This “freezing” of the singularity is characterized by a discrete flux of the M-
theory 3-form field C [17, 18]:∫
S3/ΓG
C =
n
d
mod 1, (2.7)
where S3/ΓG denotes the orbifolded unit sphere around the singularity in C2/ΓG,
and n, d are coprime. The denominator d = dG→Gfr is given by the following table
1To be more specific, these chains are sometimes called (G,G) conformal matter, to highlight
that they can be used to connect two G gauge groups. There also exist (G,G′) chains, some of
which we will encounter in section 8.5. Nevertheless, we have chosen to denote the theories in (2.4)
by TG(N), to obtain less heavy-looking formulas.
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(see [18, Eq. (1.1), Table 1] and [17, Table 14]):
G Gfr dG→Gfr
SO(2k + 8) USp(2k) 2
E6
SU(3) 2
∅ 3
E7
SO(7) 2
SU(2) 3
∅ 4
E8
F4 2
G2 3
SU(2) 4
∅ 5
∅ 6
(2.8)
A fractional M5 brane is then a domain wall dividing the singular locus, and the
value of the discrete flux (2.7) can be different for each domain. Let the singular
locus be at x8,9,10,11 = 0 and consider a fractional M5 which sits at x7,8,9,10,11 = 0,
between domain x7 < 0 with discrete flux r1 and domain x
7 > 0 with discrete flux
r2 ≥ r1. Then, the M5 charge of the domain wall is∣∣∣∣∫
S
dC
∣∣∣∣ = ∫{ε}×S3/ΓG C −
∫
{−ε}×S3/ΓG
C = r2 − r1, (2.9)
where ε > 0 and S = [−ε, ε]×S3/ΓG∪{ε}×D3/ΓG∪{−ε}×D3/ΓG is the 5-sphere
surrounding the fractional M5.
In [15] the system was compactified on T 3 and dualized so that the M5s become
M2s; the fractions were then shown to be transitions between “gauge triples” [17]
around the T 3.
2.3 T-brane theories
Conformal matter theories can be decorated by adding on the two outermost curves
a feature that does not modify the geometric F-theory data: a T-brane [11]. The
transverse fluctuation of an F-theory seven-brane are parameterized by a Higgs field;
making it nilpotent does not change the eigenvalues, and thus the position of the
brane, but it does nevertheless have physical content. The type of T-brane relevant
for SCFT6s is a pole for this Higgs field.
This possibility was originally suggested by duality with IIA configurations in-
volving D8-branes [3]. The TSU(k)(N) conformal matter theory has a realization
in IIA as an NS5–D6 intersection. But in IIA one can also introduce D8s [5, 6],
and the combinatorics of how it is possible to introduce them while still getting a
SCFT6 are summarized by two Young diagrams YL,R; let us then call these theo-
ries TSU(k)({YL, YR}, N). This is particularly natural from the point of view of the
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Nahm equations living on the D6: the D8s represent poles for those equations, with
a nilpotent residue; indeed nilpotent elements in SU(k) are parameterized by Young
diagrams. Going to IIB by a T-duality, this becomes a pole for the Higgs field on the
seven-brane.2 This strongly suggests that in F-theory it should be possible to simi-
larly decorate any conformal matter theory (even for G 6= SU(k)) by two nilpotent
elements YL,R ∈ G, obtaining a more general set of theories
TG({YL, YR}, N) . (2.10)
A tensor branch description of all the theories (2.10) was obtained in [12], for
any ADE Lie group G, by using a property they are expected to have, namely that
they are connected to TG(N) by a Higgs RG flow. It was shown there that the
web of flows one obtains from TG(N) is in bijective correspondence to the Hasse
diagram of nilpotent elements. It was later shown in [14] that the drop in moduli
space dimension in such an RG flow is exactly equal to dYL + dYR , the sum of the
dimensions of the nilpotent orbits associated to YL,R.
One can check from [12] that all the T-brane theories have all 2 . . . 2 as an
endpoint. This confirms their claimed origin as a decoration of the original sequence
of curves by two poles with nilpotent residues, since nilpotent Higgs fields do not
change the geometry (although see footnote 2). It was argued in fact in [12] that all
the theories with 2 . . . 2 endpoint are T-brane theories, possibly up to short outliers.
Unfortunately it is currently not clear what these T-brane decorations mean in
the original M-theory duality frame. It would be very interesting to clarify this.
2.4 Frozen conformal matter
In this paper, we are also interested in “incomplete” versions of the chains in (2.4)
— namely, to the chains that result from taking some of the outermost fractions
(i.e. tensor multiplets) to infinity. For example, for G = E7 we can take to infinity
the two outermost fractions on the left and the three outermost on the right, and we
end up with
[SU(2)]
so7
3
su2
2 1
e7
8 . . .
e7
8 1
su2
2 [SO(7)] . (2.11)
The chain now ends on the left and on the right with a partially frozen version of
the singularity, in the sense explained above. For this reason, we will sometimes call
this general class of theories frozen conformal matter.
This class is more general than the ordinary “unfrozen” conformal matter we
reviewed earlier. The endpoint is no longer a sequence of −2 curves; for example,
for (2.11) it is 232n−23, where n is the number of e7 gauge algebras and 2n ≡ 2 . . . 2︸ ︷︷ ︸
n
.
2 The nonabelian nature of this pole might suggest a Myers-like effect in the limit where the
gauge algebras are large, but this is in fact naive [23].
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If we look at the endpoints for all frozen conformal matter, we cover all the
(non-bifurcated) endpoints which are a priori possible for any SCFT6, as classified
in [19]. The general rule is easy to describe:
a1 (G) (G) . . . (G)︸ ︷︷ ︸
# of (G) = n
at2 7→ e(a1)2n−2e(a2)t , (2.12)
where t denotes inversion of order, and e is described by table 1. When n = 1, (2.12)
has to be understood according to the following rule:
· · ·x2−1y · · · ≡ · · · (x+ y − 2) · · · . (2.13)
The general rules (2.12) and (2.13) are enough to cover all the possible incomplete
chains, except for those that do not include any copy of the “original” gauge algebra
g at all, which can be easily handled separately.
SO(2k) :
a 1 ∅
e(a) 2 3
E6 :
a 131 31 1 ∅
e(a) 2 23 3 4
E7 :
a 12321 2321 321 21 1 ∅
e(a) 2 223 23 3 4 5
E8 :
a 12231513221 2231513221 231513221 31513221 1513221 513221
e(a) 2 22223 2223 223 23 33
a 13221 3221 221 21 1 ∅
e(a) 3 24 4 5 6 7
Table 1. The map e used in the general endpoint result (2.12).
For example, the endpoint of (2.11) can be obtained using (2.12) as follows. In
this case, a1 = 321, and a
t
2 = 12, or in other words a2 = 21. Table 1 gives e(a1) = 23,
e(a2) = 3, and then e(a2)
t = 3. So now the endpoint is 232n−23, as previously stated.
For n = 1, we have to use (2.13), which gives 232−13 = 24.
Looking at table 1, we see that the e(a) cover all the possible α in the end-
point classification [19, Eq. (5.7),(5.9)];3 the βs there are simply αt in our notation.
Moreover, with the rule (2.13) we also cover all the “rigid outliers” of [19, Eq. (5.12)].
Thus the frozen conformal matter we discussed in this subsection provide all
the non-bifurcated endpoints in [19] where the chain does not bifurcate. (In [19]
there are also a few endpoints which do bifurcate but quite minimally, listed in their
(5.8), which we are not covering here. It is possible that one might obtain those
by generalizing the present discussion by introducing orientifold-type objects.) We
3e(a) = 6, 5, 4, 3, 23 do not appear in their list of αs because they can be obtained from 7 and
24: the list of αs in [19, Eq. (5.9)] provides the “convex hull” of endpoints, as explained there.
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hasten to add that many different theories can share the same endpoint, so the frozen
conformal matter theories are far from being the most general SCFT6.
However, as we mentioned at the end of section 2.3, the theories with endpoint 2n
can be obtained from ordinary conformal matter by decorating them with nilpotent
elements, thus obtaining the theories (2.10). This suggests that one could simi-
larly obtain all the non-bifurcated theories by decorating frozen conformal matter
by nilpotent elements. Some elements for doing so were already analyzed in [12,
Sec. 4.2], where nilpotent hierarchies for G2 and F4 were obtained.
3 Very Higgsable, and Higgsable to N = (2, 0) theories
We will now introduce some terminology, extending ideas introduced in [15, 20].
Very Higgsable (vH) theories. These are the CFTs whose Higgs branch is such
that at its generic point the theory flows to a collection of free hypermultiplets,
without any tensors:
vH SCFT → free hypermultiplets . (3.1)
We divide this class in two subclasses: Obviously very Higgsable, which are
strictly speaking the ones considered in [15], and Hiddenly very Higgsable, which are
a natural extension.
1. Obviously very Higgsable (OvH) theories. These theories can be identi-
fied as very Higgsable directly by looking at the F-theory realization: all of the
compact cycles producing the tensor multiplets can be removed by repeated
blow-downs of (−1)-curves. Examples of such theories include
• The theory of free hypermultiplets.
• The E-string theory we mentioned above, with one tensor and an E8 flavor
symmetry. It has a Higgs branch of dimension 29. One incarnation of this
theory is as the description of an M5 on an E8 boundary in M-theory; in
this picture, the tensor branch corresponds to pulling away the M5 from
the wall, while the Higgs branch corresponds to turning the M5 into an E8
instanton. Since such an instanton cannot be pulled off the wall, we see
that the tensor multiplet has been lost on this branch. This is sometimes
called a “small instanton transition”; by a slight abuse a language, one
sometimes calls this way any transition where tensors are lost in favor of
hypermultiplets, such as the flow in (3.1).
• The so-called rank N E-string theory, which consists of a single (−1)-curve
followed by N −1 (-2)-curves, and which describes N M5s on the E8 wall.
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• The worldvolume theory of a single or multiple M5-branes on C2/ΓG on
an E8 wall.
• The worldvolume theory TG(0) of a single M5-brane on C2/ΓG, also known
as the minimal conformal matter theory of type (G,G), with G a simply-
laced group.
• Certain theories that describe fractional M5-branes on orbifold singulari-
ties, including
– (E7, SO(7)) minimal conformal matter describing 1/2 M5-branes on
C2/ΓE7 ;
– (E8, F4) minimal conformal matter describing 1/2 M5-branes on C2/ΓE8 ;
and
– (E8, G2) minimal conformal matter describing 1/3 M5-branes on C2/ΓE8 .
2. Hiddenly very Higgsable (HvH) theories. These are very Higgsable the-
ories which are not obviously very Higgsable. We will give an F-theory char-
acterization in section 4.2. Examples of such theories include
• The worldvolume theory of a single M5-brane probing the completely
frozen SO(2k) or E6,7,8 singularity.
• The theories describing a single M5-brane probing an ADE singularity
frozen to a non-simply-laced group Gfr; this will turn out to be G2, F4,
USp(2k). (Such theories are one possible definition of (Gfr, Gfr) conformal
matter.) We will see these in more detail in section 5.
Higgsable to N = (2, 0) (HN) theories. This is a generalization of the notion
of vH theory. A theory is HN if its Higgs branch is such that at its generic point the
theory flows to an N = (2, 0) theory plus free hypermultiplets:
HN SCFT → N = (2, 0) of type g + d̂ hypers. (3.2)
We again divide the class in two subclasses: those for which such a property is obvious
from the F-theory realization, which are strictly speaking the ones considered in [20],
and those for which such a property is hidden.
1. Obviously Higgsable to N = (2, 0) (OHN) theories. In terms of F-theory,
these theories have only (−2)-curves at the endpoint where all possible blow-
downs of (−1)-curves have been performed. The number of (−2)-curves at the
endpoint was denoted by n in [14] for this class of theories. This number n is
precisely the rank of the N = (2, 0) theory at the endpoint of the aforemen-
tioned Higgs branch flow [20]. Note that this class of theories were referred to
as “Higgsable to N = (2, 0)” in [15]. Examples are
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• The worldvolume theory of multiple M5-branes on C2/ΓG, also known as
the non-minimal conformal matter of type (G,G), with G a simply-laced
group.
• More generally, the T-brane theories that arise from the nilpotent Higgsing
associated with a pair of the nilpotent orbits (µL, µR) of a sufficiently long
chain of the conformal matter of type (G,G), with G simply-laced.
2. Hiddenly Higgsable to N = (2, 0) (HHN) theories. After blowing-down
all of the (−1)-curves, the endpoint does not consist of only (−2)-curves. The
possible endpoints will be classified in section 4.4. We will also see that in a
sense all such theories describe multiple M5-branes probing a (partially) frozen
SO(2k) or E6,7,8 singularity (or their T-brane descendants).
We will consider HvH and HHN theories in more detail in the next section.
4 Constraints for the very Higgsable and Higgsable to N =
(2, 0) theories
In this section, we obtain a necessary condition for a 6d SCFT to be an obviously or
hiddenly very Higgsable or Higgsable to N = (2, 0) theory.
4.1 Very Higgsable theories
During the flow (3.1), the diffeomorphism group remains unbroken, and hence the
gravitational anomalies can be matched in both sides.
We compute the gravitational anomaly of the 6d SCFT by moving on to a sub-
branch of the tensor branch where all (−1)-curves are blown-down, also known as
the “endpoint” and classified by [19]. The tensor branch flow from the vH SCFT to
the endpoint is as follows:
vH SCFT → ⊕iOvHi + nendV vectors + nendH hypers (4.1)
where at the endpoint there are a collection of OvH theories (labelled OvHi), n
end
V
vector multiplets and nendH tensor multiplets. The configuration of the tensor mul-
tiplets at the endpoint is specified by an integral, symmetric and positive definite
matrix ηijend with i, j = 1, . . . , n
end
T , whose diagonal elements satisfy the inequality
2 ≤ ηiiend ≤ 12.
The gravitational anomaly of 6d SCFT at the endpoint, computed using (4.1),
is
Iend = IGS + nendT I
tensor + nendV I
vector +
∑
i
IOvHi , (4.2)
where the notation is as follows:
– 13 –
• The Green-Schwarz contribution IGS to the gravitational anomaly at the end-
point is
nendGS
32
p1(T )
2, (4.3)
where
nendGS ≡
nendT∑
i,j=1
(η−1end)ij(2− ηiiend)(2− ηjjend) . (4.4)
• The contribution of tensor/vector multiplet is given as
Itensor =
23p1(T )
2 − 116p2(T )
5760
, Ivector = −7p1(T )
2 − 4p2(T )
5760
. (4.5)
• The contribution IOvHi is the gravitational anomalies of each OvHi theory on
the right of (4.1).
IOvHi = dOvHiH
7p1(T )
2 − 4p2(T )
5760
(4.6)
by using some positive integer dOvHiH . This fact can be proven by the inductive
method used in [15]. More precisely, the integer dendH is written as
dOvHiH = 29n
OvHi
T + n
OvHi
H − nOvHiV (4.7)
where nOvHiT,H,V is the number of tensor/hyper/vector multiplets of the OvHi
theory.
Plugging these contributions back to (4.2), we obtain the gravitational anomaly
1
5760
(
180nendGS + 23n
end
T − 7nendV + 7
∑
i
dOvHiH
)
p1(T )
2
− 1
5760
(
116nendT − 4nendV + 4
∑
i
dOvHiH
)
p2(T ) .
(4.8)
Assume that on the right hand side of (3.1) there are dH hypermulitplets, where
dH is the dimension of the Higgs branch of the vH SCFT in question at the origin
of the tensor branch. The gravitational anomaly can also be written as
Iend = dH
7p1(T )
2 − 4p2(T )
5760
. (4.9)
Matching the gravitational anomalies (4.8) and (4.9), we obtain two equations:
180nendGS + 23n
end
T − 7nendV + 7
∑
i
dOvHiH = 7dH ,
116nendT − 4nendV + 4
∑
i
dOvHiH = 4dH .
(4.10)
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From the second equation, we have
dH = 29n
end
T +
(∑
i
dOvHiH
)
− nendV . (4.11)
This equation has an interesting physical interpretation. It implies that the Higgs
branch dimension dH of the vH theory at the origin of the tensor branch can be
computed using the endpoint data, including nendT and n
end
V . The quantity
∑
i d
OvHi
H
should be viewed at the “effective” number of hypermultiplets at the endpoint.
By eliminating dH from (4.10), we obtain a nontrivial constraint for the possible
tensor branch structure of the endpoint, namely
nendT = n
end
GS =
∑
i,j
(η−1end)ij(2− ηiiend)(2− ηjjend) , (4.12)
where we have recalled the definition of nendGS from (4.4). Note that if an the original
vH theory is OvH, nendT = 0 by definition; hence
∑
i,j(η
−1
end)ij(2− ηiiend)(2− ηjjend) = 0
for such a theory.
In fact, we can also obtain an equation similar to (4.11), but relating the Higgs
branch dimension dH at the origin to data of the field theory at a generic point on
the tensor branch. Since the coefficient p2(T ) is not affected by the Green-Schwarz
contribution, this coefficient can be matched between the theory of dH free hyper-
multiplets and the effective field theory at a generic point on the tensor branch:
dH = 29nT + nH − nV (4.13)
where nT,H,V are the number of the tensor multiplets, hypermultiplets and the vector
multiplets at a generic point on the tensor branch.
4.2 Characterization of HvH theories in terms of F-theory
We will now characterize the solutions to the constraint (4.12) in F-theory, first by
looking at some examples and then by giving the complete list. We will postpone
the M-theory interpretation to section 5.
First of all, the constraint cannot be satisfied when the endpoint consists only
of −2 curves, since the term on the right of the first equality of (4.12) is zero.
This prevents a number of 6d N = (1, 0) theories from being very Higgsable. For
example, the worldvolume theories on multiple M5-branes on an orbifold singularity
(non-minimal 6d conformal matter theories) does not belong to this class.
Theories with a single curve Let us now turn to the theory of a single curve.
If we denote denote the self-intersection of the curve as −n, the constraint (4.12)
becomes
1
n
(n− 2)2 = 1, (4.14)
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whose solution is n = 1, 4.
The solution n = 1 corresponds to the rank-one E-string theory and is indeed
OvH. As we reviewed earlier, the transition (3.1) results in 29 free hypermultiplets.
The case of n = 4 is more interesting. If we assume that the elliptic fibration
over the −4 curve is as generic as possible, we obtain the gauge group SO(8) and no
hypermultiplet on the tensor branch; there is no Higgs branch at the generic point
of the tensor branch. However, since nendV = 28, n
end
T = 1 and d
OvHi
H = 0, (4.11) says
that dH = 1, i.e. there is a one dimensional Higgs branch at the origin of the tensor
branch. Thus this theory is hiddenly very Higgsable.
As we will see, there are several examples with this endpoint; two notable ones
will appear in sections 8.2 and 9.
Theories with two curves Let us consider a theory of two curves with the self-
intersection −n and −m. The intersection matrix and its inverse are given by
η =
(
m −1
−1 n
)
, η−1 =
1
mn− 1
(
n 1
1 m
)
. (4.15)
Then, the constraint (4.12) becomes
mn(m+ n− 6) + 8
mn− 1 = 2, (4.16)
whose solutions are (m,n) = (1, 2), (1, 5), (2, 5). The first two cases reduce to a
single curve after blowing down the (−1)-curve; this was discussed in the previous
paragraph. The solution (2, 5) is more interesting: in sections 8.1 and 9, we will
discuss two examples of this type.
General analysis After these preliminary examples, we can start a more system-
atic analysis. The constraint (4.12) quickly becomes complicated when one considers
a number of curves > 2. However, as mentioned in section 3, the full list of possible
endpoints for a 6d SCFT was obtained in [19]. So we can simply apply (4.12) to the
list of endpoints in that paper.
The full list reads
4 , 52 , 352 , 622 , 7222 , 82222 . (4.17)
We already made some comments about the first two cases. We will give a similar
interpretation to the others in section 5.
4.3 Higgsable to N = (2, 0) theories
Recall that a theory is said to be Higgsable to N = (2, 0) (HN) if there is a Higgs
flow (3.2). For brevity, we write
n = rank g . (4.18)
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Since the N = (2, 0) theory has a flow
N = (2, 0) of type g → n copies of (N = (1, 0) hyper +N = (1, 0) tensor), (4.19)
the HN SCFT in question has a flow
HN SCFT → dH hypers + n tensors , (4.20)
with
dH = d̂+ n . (4.21)
We interpret dH as the dimension of the Higgs branch at the origin of the tensor
branch. We shall henceforth refer to dH as the CFT Higgs branch dimension.
Similarly to (4.13), we can match the coefficient of p2(T ) in the anomaly poly-
nomials of the right hand side of (4.20) with the effective field theory on the generic
point of the tensor branch:
dH + 29n = 29nT + nH − nV , (4.22)
where nT,H,V are the number of the tensor multiplets, hypermultiplets and the vector
multiplets at a generic point on the tensor branch. For n = 0, we recover (4.13) for
the vH theory as expected.
By matching the coefficient p1(T )
2 of the anomaly polynomials of the right hand
side of (4.20) with the effective theory at the endpoint, we find that
nendT = n
end
GS + n =
∑
i,j
(η−1end)ij(2− ηiiend)(2− ηjjend) + n , (4.23)
where again we have recalled the definition of nendGS from (4.4). This is a necessary
condition for an SCFT to be HN: nendT − nendGS should be an integer. For an OHN
theory, the endpoint contains only (−2)-curves and the number of these curves are
equal to rank(G) = n of the N = (2, 0) theory in question [20]; hence nendT = n and∑
i,j(η
−1
end)ij(2− ηiiend)(2− ηjjend) = 0 for such a theory.
It also happens that nGS − nT is invariant under blowdown. So we have
nendGS − nendT = nGS − nT , (4.24)
where now nGS =
∑nT
i,j=1 η
−1
ij (2 − ηii)(2 − ηjj), which we already defined back in
(1.1). So the constraint (4.23) can also be imposed before flowing to the endpoint,
by requiring that nGS − nT be an integer.
In sections 8 and 9, we provide some examples of this class, including the non-
minimal conformal matter theories of type (G,G) where G is non-simply-laced and
theories on the worldvolume of multiple M5-branes on a completely frozen singularity.
As a preview, here is an example of the latter: for two M5s on a frozen D4 singularity,
the quiver reads
[1]
so(8)
4 1
so(8)
4 [1] (4.25)
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Indeed we can check that (4.23) is satisfied with n = 1, which means that this theory
has a Higgs branch flow to N = (2, 0) theory of type su(2).
For an HN theory, there should be a tensor branch flow
HN SCFT → ⊕ivHi + n tensors + n˜V vectors, (4.26)
where vHi are collections of (obviously or hiddenly) vH theories. Similarly to the
above, the matching of the coefficient p2(T ) yields
dH =
∑
i
dvHiH − n˜V . (4.27)
4.4 Characterization of HHN theories in terms of F-theory
Once again, to find the most general solution to (4.23), we can go through the list
of endpoints provided by [19] (just like we did for (4.12) at the end of section 4.2).
The full list is given by
32n−13 , 42n−132 , 332n−142 , 52n−1322 , 62n−13222 , 72n−132222 ,
(4.28)
where 2n−1 ≡ 2 . . . 2︸ ︷︷ ︸
n−1
, and n coincides with what one computes from the constraint
(4.23). Every e(a) in table 1 appears on one side of an element of the list (4.28), with
a companion on the other side (which is itself for e(a)=3). Notice also that (4.17)
can be obtained by (4.28) for n = 0 by using the rule (2.13).
We will give an M5 interpretation to (4.28) in the next section.
4.5 Summary
Let us summarize the main results from this section. An HN theory has to satisfy
the constraint (4.23). Using (4.22), (4.23) and (4.24), we can write the Higgs branch
dimension of the CFT point as
dimCFTH Higgs = nH − nV + 29nGS (4.29)
which is (1.1), repeated here for convenience. nH and nV are the numbers of hyper-
multiplets and vector multiplets in the F-theory quiver at the generic point of the
tensor branch.
In the following, we adopt the notation dimCFTH Higgs(T 6d) to denote the Higgs
branch dimension (in quarternionic units) of the CFT fixed point of the six dimen-
sional theory T 6d.
5 Fractional M5-branes
We will now apply the results of the preceding section to M5-branes on singularities,
and related theories.
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5.1 Conformal matter theories
As we already mentioned, these are OHN; nGS = 0, and n is equal to the number of
(−2)-curves after blowing down all (−1)-curves. (4.29) gives
dimCFTH Higgs(TG(n)) = n + dim(G) + 1 . (5.1)
This formula has a physical interpretation. The theory is HN, and thus there
is a transition where all the tensors disappear; however, they can disappear only on
certain loci of the tensor branch. When some M5 fractions come together to form
a full M5, the latter can be pulled away from the singularity. (In figure 1 we see a
single M5 being formed in this fashion.) The positions of these full M5s parameterize
the n + 1 summand in (5.1).
5.2 T-branes
As we also already mentioned, all the T-brane theories obtained in [12] are actually
also HHN, although not especially obvious by their aspect at the generic point of the
tensor branch. This is to be expected from their origin in F-theory: they are obtained
by taking a conformal matter theory TG(n) and adding a pole for the Hitchin field
at the two outermost -2 curves. This was already checked in [14]. From the results
in that paper and (5.1) we obtain
dimCFTH Higgs(TG({YL, YR}, n)) = n + dim(G) + 1− dYL − dYR , (5.2)
which is (1.2), reported here for convenience.
5.3 (Partially) frozen conformal matter theories
Recall from section 2.4 our definition of frozen conformal matter: it consists in taking
to infinity some of the outermost tensor multiplets in the tensor branch description
of a conformal matter theory. Recall also that all possible (non-bifurcated) endpoints
from [19] have a frozen conformal matter representative.
Let us first ask which frozen conformal matter theories are very Higgsable. The
list of possible not obviously vH endpoints was obtained in (4.17). Using (2.12),
(2.13), we can see that all the allowed possibilities have a number of curves (before
going to the endpoint) which is exactly equal to f(G) − 1, where f is the number of
fractions (2.6). For example, for G = E6, these are
[1]
su(3)
3 1
e6
6 [1] , [SU(3)] 1
e6
6 1 [SU(3)] . (5.3)
These are both obtained from the middle part of figure 1 by keeping four neighboring
M5 fractions in the middle and sending to infinity all the others fractions. The same
pattern is repeated for any G. We will denote these vH theories T frG→Gfr(0), where
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Gfr is the flavor symmetry on either side. For example, (5.3) will be called T frE6→∅(0)
and T frE6→SU(3)(0).
It is natural to interpret the fact that these theories are very Higgsable as mean-
ing that a transition such as the one in the lower part of figure 1 can occur. Here
we assemble a “full M5” from f fractions which are not taken in the original order
(starting from the unfrozen G singularity), but in any other order. If one takes the
full M5 thus formed off the singularity, one leaves behind a partially or totally frozen
version of it. In this sense, the theories T frG→Gfr(0) represent an M5 probing a partially
frozen singularity.
E6   68(3)   E6   68(3)  
E6   68(3)  E6
E6   68(3) 68(3)  
E6
E6
E6
Figure 1. The central part of the picture represents fractional 2 M5-branes (dots) on a
R × R4/ΓE6 singularity (red line). In this case each of the individual fractions is 1/4 an
ordinary M5. (To be precise, the M5 charges of the fractions are not the same. The fraction
between E6 and ∅ has charge 1/3, while the one between ∅ and SU(3) has charge 1/6;
see (2.9).) We also show the gauge groups (or lack thereof) on each segment between two
fractional M5s. On the top part of the picture, we show a situation where the first four
fractions have recombined into a full M5; the latter can now be pulled off the singularity.
On the bottom part of the picture we see a different transition, where the fractions have
come together in a different way.
This conclusion is confirmed if we also look at HN theories. The possible end-
points were obtained in (4.28). These now all consist of N f − 1 curves; they are
chains of HvH theories such as (5.3), and represent this time N f fractions. We will
call these theories T frG→Gfr(N − 1). They represent N M5-branes probing a partially
frozen singularity. The n + 1 = N summand in (5.1) represents the moduli of these
full M5-branes. (The dim(G) summand has to do with the T-brane nilpotent Higgs-
ings, and indeed it gets partially eroded in (5.2).) If we apply (5.1) once again, we
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get
dimCFTH Higgs(TG→Gfr(n)) = n + dim(Gfr) + 1 , (5.4)
which is just like (5.1), but with G replaced by Gfr. The Higgs moduli space dimen-
sion for these theories should be given by (5.2) with G replaced by Gfr (just as one
goes from (5.1) to (5.4)).
Thus, in the context of frozen conformal matter, HvH and HHN theories repre-
sent cases where one assembles M5 fractions into full M5s. We should add that there
also exist a few “shorter” OvH theories. For instance, [SU(3)] 1 [E6] is an example
of frozen conformal matter in the sense of section 2.4: it describes two fractional M5s
(a half M5) on an E6 singularity. The reason this is very Higgsable has nothing to do
with the recombination phenomena of figure 1. It is rather a T-brane phenomenon:
the Higgs flows activated by the Higgs fields poles (reviewed in section 2.3) can also
sometimes change the number of tensors. (This does not happen for G = SU(k).)
For low N and for nilpotent elements of large enough orbit dimension, this can lead
to the loss of all tensor multiplets. We will see other examples of such short OvH
frozen conformal matter in section 5.6.
It would also be possible to Higgs the theories T frG→Gfr(N) by two nilpotent el-
ements YL,R in Gfr, thus obtaining T-brane theories T frG→Gfr({YL, YR}, N). These
theories have not been fully worked out in general, but as we mentioned the cases
Gfr = G2 and F4 were considered in [12, Sec. 4.2].
5.4 Non-simply-laced Gfr
Notice that Gfr is not necessarily simply-laced: looking at (2.4), we see the non-
simply-laced groups SO(7), USp(2k), G2, F4 appearing. In this cases, T frG→Gfr(N)
provides a possible definition of (Gfr, Gfr) conformal matter. The N = 0 cases read
[G2] [G2] : [G2]
su2
2 2 1
e8
12 1 2
su2
2
g2
3 1
f4
5 1 [G2] ,
[F4] [F4] : [F4] 1
g2
3
su2
2 2 1
e8
12 1 2
su2
2
g2
3 1 [F4] ,
[Sp(k)] [Sp(k)] : [Sp(k)]
so2k+8
4 [Sp(k)] .
(5.5)
We can use these examples to illustrate our general discussion above. If we go to
the endpoint locus on the tensor branch of the theories in (5.5) by blowing down all
(−1) curves, we see that the result does not contain only (−2) curves: we get 52 for
the Gfr = G2 case, and 4 for Gfr = F4, Sp(k). As we discussed in section 4.2, these
satisfy the constraint (4.12) for a theory to be hiddenly very-Higgsable. We can also
consider longer chains, such as
[F4] 1
g2
3
su2
2 2 1
e8
12 1 2
su2
2
g2
3 1
f4
5 1
g2
3
su2
2 2 1
e8
12 1 2
su2
2
g2
3 1 [F4] . (5.6)
The endpoint is now 33. This indeed appears in the list of possibilities (4.28) for
n = 1. One can check this directly as well: ηend =
(
3 −1
−1 3
)
, η−1end =
1
8
( 3 11 3 ), n
end
T = 2;
thus n = 2− 1 = 1.
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5.5 Complete freezing: Gfr = ∅
It is also possible that Gfr = ∅. We already saw one such case in the first theory in
(5.3). The other cases read
G = SO(8) : [1]
so(8)
4 [1] ,
G = E6 : [1]
su(3)
3 1
e6
6 [1] ,
G = E7 : [1]
su(2)
2
so(7)
3
su(2)
2 1
e7
8 [1] ,
G = E8 : [1] 2
su(2)
2
g2
3 1
f4
5 1
g2
3
su(2)
2 2 1
e8
12 [1] .
(5.7)
As we mentioned, we call these theories T frG→Gfr(0). Notice, however, that for G = E8
there are two more possibilities to have Gfr = ∅:
[2]
su(2)
2
g2
3 1
f4
5 1
g2
3
su(2)
2 2 1
e8
12 1 [2] ,
[1]
f4
5 1
g2
3
su(2)
2 2 1
e8
12 1 2
su(2)
2
g2
3 [1] .
(5.8)
We will call these two “exotically frozen”4. Notice that they correspond to the case
dE8→∅ = 5 in table 2.8, whereas the case G = E8 in (5.7) corresponds to dE8→∅ = 6
(see [15, Eq. (3.6)]).
Up to reflection, (5.7) and (5.8) exhaust all the possible cases where Gfr = ∅.
5.6 Partial recombinations
Our methods allow us to access the Higgs moduli space at the origin of the tensor
branch for several interesting theories; one might also wonder, however, about the
Higgs moduli space on different non-generic loci of the tensor branch. For example,
let us now go back to the original unfrozen conformal matter chains TG(N). We
know that the Higgs moduli space has dimension (5.1) at the CFT point, where all
the fractions are coinciding. But what about loci where only some of the fractions
are coinciding?
Let us go back to (4.22) and rewrite it as dH = 29(nT − n) + nH − nV . In terms
of the number of fractions f (recall (2.6)), this is 29(f− 1)n+ nH − nV . On a generic
point of the tensor branch, the physics is weakly coupled and one expects simply
nH − nV . Thus one expects that the moduli space increases every time one puts
fractions on top of each other, up to a maximum which is reached one has made
(f− 1)n coincidences; this is not the same as making all the M5s coincide, but rather
the same as recombining the fractions in several full M5s.
4The term exotic is used here because, as we shall discuss in section 5.7, the theories (5.8) have
more complicated anomaly formulae than their non-exotic counterpart.
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In other words, the dimension (5.1) is also valid at points where the M5 fractions
are not all on top of each other, but also in loci of the tensor branch where the
fractions coincide in groups of f, thus making full M5s which need not themselves be
on top of each other. To check this, let us point out that if we have a sequence of
CFT’s connected by vectors and hypers, we expect dH at that locus to be∑
i
dH(CFTi) + nH − nV . (5.9)
The non-generic locus of TG(N − 1) where N full M5s have formed but do not all
coincide can be thought of as N copies of TG(0) connected by (N − 1) copies of a G
gauge field. Thus (5.9) gives
(dim(G) + 1)N − dim(G)(N − 1) = dim(G) +N (5.10)
which coincides with (5.1), recalling N = n + 1. Thus the maximum Higgs moduli
space dimension is already reached on this locus.
On the other hand, recall we mentioned the existence of some “short” vH theories
that are partially frozen conformal matter in the sense of section 2.4 (namely, they
are incomplete conformal matter chains), but that do not consist of f fractions. There
are some obvious examples, such as a single −1-curve, but also a few less-obvious
ones, such as
[E7] [SO(7)] : [E7] 1
su(2)
2 [SO(7)] ,
[E8] [G2] : [E8] 1 2
su(2)
2 [G2] ,
[E8] [F4] : [E8] 1 2
su(2)
2
g2
3 1 [F4] .
(5.11)
These are all OvH theories, as one can easily check. The first describes 3 = 1
2
f(E7)
fractions, which means it is a “half M5” on an E7 singularity; the second and third
describe one third and one half an M5 on top of an E8 singularity.
Using these theories, we can access the Higgs moduli space at some loci of partial
coincidence of fractions. For example, for G = E7, we can consider the locus where
the fractions are coinciding 3 at a time, so that we have a sequence of 2N half-M5s:
[E7] (SO(7)) (E7) · · · (E7) (SO(7)) [E7] . (5.12)
Since [E7] [SO(7)] is OvH, we can use (4.29) to compute dH = 8− 3 + 2 · 29 = 63.
Now (5.9) gives (2N × 63) − 21N − 133(N − 1) = 133 − 28N = dim(E7) − 28N .
Comparing this with (5.1), we see that we have the Higgs moduli space dimension
has gone down by 29N — namely, we lose a dimension 29 whenever we split an M5
in two halves.
In the same vein we can consider [E8] (F4) (E8) · · · [E8], which is a se-
quence of half-M5s on an E8 singularity. Here [E8] [F4] has dH = 136, and (5.9)
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gives (2N × 136) − 52N − 248(N − 1) = 248 − 28N = dim(E8) − 28N . Again we
have lost a dimension 29 by splitting the M5s in half. A similar computation can be
performed for an E6 singularity, with the same conclusion.
5.7 Anomaly polynomials of frozen conformal matter
We will now compute the anomaly polynomial for (Gfr, Gfr) conformal matter in a
similar fashion to (3.19), (3.23) and (B.20) of [24], for a chain T frG→Gfr(Q − 1) of Q
copies of (Gfr, Gfr) conformal matter theories:
[Gfr] (Gfr) · · · (Gfr) [Gfr] . (5.13)
Gfr can also be non-simply-laced or trivial.
We find that the anomaly polynomial, including the center of mass tensor mul-
tiplet, admits an elegant expression which is a simple generalisation of (B.20) of
[24]:
Itot =
1
24
Q3|ΓG|2c2(R)2 −QI8 − 1
2
Q|ΓG|(J4,L + J4,R)− 1
2
IvecL −
1
2
IvecR , (5.14)
where G is the simply-laced group from which Gfr is originated, and other definitions
are as follows:
• The expression for I8 is
I8 =
1
48
[
p2(T )− p1(T )c2(R)− 1
4
p1(T )
2
]
. (5.15)
• The expression for J4,L/R is
J4,L/R =
1
48
(4c2(R) + p1(T ))χG→Gfr +
1
4dG→Gfr
trF 2L/R , (5.16)
where
χG→Gfr = rG − 11 +
12
dG→Gfr
− 1|ΓG| . (5.17)
rG is the rank of G, |ΓG| is the cardinality of ΓG, and dG→Gfr is the parameter
given in (2.8). When Gfr = G, dG→Gfr is taken to be 1. The last term in
(5.16) is present only when Gfr is non-empty. The quantity χG→Gfr can also be
expressed using the ranks of Gfr as
χG→Gfr =

rG + 1− 1|ΓG| unfrozen, Gfr = G ;
−3
5
− 1|ΓG| “exotically frozen”: (5.8) ;
rGfr − 1− 1|ΓG| otherwise .
(5.18)
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• The expression for IvecL/R is
IvecL/R = −
1
24
[
tr
adj
F 4L/R + 6c2(R) tr
adj
F 2L/R + dim(Gfr)c2(R)
2
]
− 1
48
p1(T )
[
tr
adj
F 2L/R + dim(Gfr)c2(R)
]
− 1
5760
[
7p1(T )
2 − 4p2(T )
]
,
(5.19)
where
tr
adj
F 2L/R = h
∨(Gfr) trF 2L/R . (5.20)
The latter are of course only present when Gfr 6= ∅.
The center of mass contribution to the above anomaly polynomial is similar to
(3.24) of [24]:
ICM =
[
1
24
c2(R)
2 +
1
48
c2(R)p1 +
23
5760
p1(T )
2 − 116
5760
p2(T )
]
+
1
2Q
1
16d2G→Gfr
(
trF 2L − trF 2R
)2
.
(5.21)
In particular, the second line is a Green–Schwarz contribution.
The anomaly polynomial of the SCFT associated with (5.13), which is equal to
Itot − ICM, can therefore be written as
αc2(R)
2 + βc2(R)p1(T ) + γp1(T )
2 + δp2(T )
+
(
−x
8
c2(R) +
h∨Gfr
96
p1(T )
)
(trF 2L + trF
2
R)
+
1
48
(tr
adj
F 4L + tr
adj
F 4R)−
1
2Q
1
16d2G→Gfr
(
trF 2L − trF 2R
)2 (5.22)
where
α =
1
24
|ΓG|2Q3 − 1
12
Q|ΓG|χG→Gfr +
1
24
(dim(Gfr)− 1)
β =
1
48
Q (1− |ΓG|χG→Gfr) +
1
48
(dim(Gfr)− 1)
γ =
1
5760
[30(Q− 1) + 7(dim(Gfr) + 1)]
δ = − 1
1440
[30(Q− 1) + dim(Gfr) + 1]
x =
|ΓG|
dG→Gfr
Q− h∨Gfr .
(5.23)
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A special case that is worth mentioning here is when Gfr = ∅ and Gfr is not
exotically frozen. Using (5.17) or (5.18), we take χG→Gfr = −1− 1|ΓG| and we obtain
α =
1
24
|ΓG|2Q3 − 1
12
(−|ΓG| − 1)Q− 1
24
β =
Q
48
(2 + |ΓG|)− 1
48
γ =
1
5760
[30(Q− 1) + 7]
δ = − 1
1440
[30(Q− 1) + 1] .
(5.24)
This can be obtained from (3.19) and (3.23) of [24] with dimG = rankG = 0 and
with |ΓG| replaced by −|ΓG|.
Our formulas for the anomaly polynomial might give interesting indications on
the physics of frozen singularities. Notice in particular that our results are a minimal
modification of those in [24]: the new elements are the appearance of the parameter
dG→Gfr of (2.8), and of χG→Gfr in (5.18). It would be very interesting to see how this
comes about from an anomaly inflow computation similar to that in App. B of [24],
where for example our χG→Gfr appears to modify the χΓ of their (B.7).
6 Conformal matter theories on T 2
We will now start comparing the results we have obtained so far with various existing
results for torus compactifications. We expect that the Higgs branch dimension of
the original 6d theory matches with that of its T 2 compactification, and we will check
this for various examples. Moreover, using (4.29) and (5.2) as a tool, from the next
section we will propose new results for the T 2 and T 3 compactifications of HvH and
HHN theories, including (G,G) conformal matter theories with G non-simply-laced
and worldvolume theories of M5-branes probing the completely frozen singularity.
We will start in this section with (G,G) conformal matter; as we have seen, this
is the theory describing N M5-branes on a R×C2/ΓG singularity. We have seen its
Higgs moduli space is given by (5.1), with N = n + 1. We will provide some checks
of (5.1) against the known results in [15, 20].
The case N = 1. For N = 1 (or n = 0), the 6d theory in question, TG(0), is
a minimal conformal matter of type (G,G). The T 2 compactification of the CFT
point of such a theory [15] is a class S theory of type G whose Gaiotto curve is a
sphere with two maximal punctures (those associated with the trivial nilpotent orbit)
and one minimal punctures (associated with the so-called subregular orbit). In the
notation of [15] this reads5
S〈S2〉G{0, 0,∅} . (6.1)
5In this paper, we denote by S〈Σ〉G{Y1, Y2, . . . , Y`} a four-dimensional class S theory of type G
whose Gaiotto curve is a Riemann surface Σ with punctures Y1, Y2, . . . , Y`.
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Recall that the Higgs branch dimension for a class S theory of type G and punctures
Oi is given by
dimHHiggs(S〈S2〉G{0, YL, YR}) = 3
2
(dim(G)− rank(G))−dim(Oi)+rank(G) . (6.2)
Moreover, the subregular orbit has dimension 1
2
(dim(G)− rank(G))− 1. The Higgs
branch dimension of (6.1) is then
3
2
(dim(G)− rank(G))− 0− 0−
[
1
2
(dim(G)− rank(G))− 1
]
+ rank(G)
= 1 + dim(G) ,
(6.3)
in agreement with (5.1).
G = SU(k) and general N . Here Γ = Zk. For N > k, the T 2 compactification of
the 6d theory TSU(k)(N − 1) is given by [20, Eq. (5.10),(5.11)]:6
S〈S2〉SU(N){[1N ], [1N ], [N − k, 1k]} × S〈S2〉SU(k){[1k], [1k], [1k]]}
SU(N)× diag(SU(k)× SU(k)) (6.4)
where SU(N) in the denominator denotes the gauging of the diagonal SU(N) sub-
group of the flavour symmetry SU(N)×SU(N) coming from the two copies of [1N ],
and diag(SU(k)×SU(k)) in the denominator denotes the gauging of diagonal SU(k)
subgroup of the flavour symmetry SU(k)× SU(k) coming from [N − k, 1k] and one
of the [1k] punctures. The former gauging can be regarded as forming a handle so
that the resulting theory becomes a torus; see (4.17) of [20]. Thus, at a generic point
of the Higgs branch, there is an unbroken U(1)N−1 gauge symmetry (see, e.g. [25]).
The Higgs branch dimension of (6.4) is therefore, recalling (6.2),
dimH Higgs of (6.4) =
[
3
2
(N2 −N)− d[N−k,1k] + (N − 1)
]
+
[
3
2
(k2 − k) + (k − 1)
]
− (N2 − 1)− (k2 − 1) + (N − 1)
= N + (k2 − 1) .
(6.5)
where the last term (N−1) in the first equality corresponds to the unbroken U(1)N−1
gauge symmetry. We have used that the dimension of the orbit [N − k, 1k] is
d[N−k,1k] =
1
2
(N − k − 1)(k +N) . (6.6)
We see that (6.5) is in agreement with (5.1).
6According to (4.17) of [20], the case of k < N can be obtained by exchanging k and N ,
and the case of k = N can be obtained by replacing S〈S2〉SU(N){[1N ], [1N ], [N − k, 1k]} by
S〈S2〉SU(N){[1N ], [1N ], [1N ]} with one flavour of the hypermultiplet in the fundamental representa-
tion of SU(N).
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The case of G = SO(2k) and general N . The T 2 compactification of the con-
formal matter theory in question is described by [21, Eq. (3.3.57)]:
S〈S2〉SU(2N){[2N ], TM,Ok} × S〈S2〉SO(2k){[12k], [12k], [12k]]}
SU(N)× diag(SO(2k)× SO(2k)) (6.7)
where S〈S2〉SU(2N){[2N ], TM,Ok} denotes a 4d class S theory of SU(2N) type, whose
Gaiotto curve is a sphere with a untwisted [2N ] puncture, a minimal twisted puncture
TM , and a twisted puncture Ok that has an SO(2k) flavour symmetry. Using the
notation of [26] for the twisted SU(2N) = A2N−1 class S theory, the twisted puncture
is labelled by a B-partition of 2N + 1, and the untwisted puncture is labelled by
an ordinary partition of 2N . The minimal twisted puncture TM , whose flavour
symmetry is empty, is labelled by [2N + 1]. The twisted puncture of Ok, whose
flavour symmetry is SO(2k), is labelled by [2(N−k)+1, 12k]. Here, the SU(N) factor
in the denominator denotes the gauging of the flavour symmetry SU(N) associated
with [2N ], and diag(SO(2k)×SO(2k)) denotes the gauging of the diagonal subgroup
of SO(2k) × SO(2k) coming from Ok and one of the [12k] punctures. Similarly to
the previous case, the SU(N) gauging forms a handle; see [21, Eq. (3.3.57)].
Let us now compute the Higgs branch of (6.7). We first compute the Higgs
branch dimension of each component:
dimH S〈S2〉SO(2k){[12k, 12k, 12k]} = k +
(
3× 2
k−1∑
j=1
j
)
= k(3k − 2) , (6.8)
and
dimH S〈S2〉SU(2N){[2N ], TM,Ok}
=
(
1
2
(
2N2 −N + 1)− dTM)+ (1
2
(
2N2 −N + 1)− dOk)
+
(
1
2
[{(2N)2 − 1} − (2N − 1)]− d[2N ]
)
+ (2N − 1)
=
(
1
2
(
2N2 −N + 1)−N2)+ (1
2
(
2N2 −N + 1)− (N2 − k2))
+
(
1
2
[{(2N)2 − 1} − (2N − 1)]−N2
)
+ (2N − 1)
= N2 + k2
(6.9)
where 1
2
(2N2 −N + 1) is the value of nH−nV for the trivial twisted orbit of SO(2N+
1); see (3.46) of [13]. Thus, the Higgs branch dimension of (6.7) is given by
dimH Higgs of (6.7) = k(3k − 2) + (N2 + k2)
− (N2 − 1)− 1
2
(2k)(2k − 1) + (N − 1)
= N +
1
2
(2k)(2k − 1) ,
(6.10)
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in agreement with (5.1). Note that the terms (N − 1) in the second line comes from
the fact that SU(N) gauge symmetry is broken to U(1)N−1 at a the generic point on
the Higgs branch.
It was also pointed out in [21, Eq. (3.3.58)] that the SU(N) gauge field in (6.7)
can be absorbed in to the twisted class S theory and this results in the following
description:
S〈T 2〉SU(2N){TM, TM, TM,Ok} × S〈S2〉SO(2k){[12k], [12k], [12k]]}
diag(SO(2k)× SO(2k)) (6.11)
The Higgs branch dimension of S〈T 2〉SU(2N){TM, TM, TM,Ok} can be similarly
computed as the above:7
dimH Higgs of S〈T 2〉SU(2N){TM, TM, TM,Ok}
= 3
(
1
2
(
2N2 −N + 1)−N2)+ (1
2
(
2N2 −N + 1)− (N2 − k2))
+ (2N − 1) + (N − 1)
= k2 +N .
(6.12)
Thus, the Higgs branch dimension of (6.11) is
dimH Higgs of (6.11) = (k
2 +N) + k(3k − 2)− 1
2
(2k)(2k − 1)
= N +
1
2
(2k)(2k − 1) ,
(6.13)
in agreement with (5.1).
In the next section, we generalize these results to more general T-brane theories.
7 T-brane theories on T 2
As we saw in section 2.3, one can Higgs the G×G flavor symmetry in the conformal
matter theory TG(N) of type (G,G) by the nilpotent orbits (YL, YR), obtaining the
so-called T-brane theory TG({YL, YR}, N).
We claim the T 2 compactification of TG({YL, YR}, N−1) is a simple generalisation
of (4.17) and (5.10) of [20]:
S4d(∅,G){SU(N), G} × S〈S2〉G{0, YL, YR}
SU(N)× diag(G×G) . (7.1)
The notation is as follows:
7The mirror of the three dimensional theory coming from S1 compactification of
S〈T 2〉SU(2N){TM, TM, TM,Ok} is S(USp(2N))− (O(2k))− (USp(2k − 2))− (O(2k − 2))− · · · −
(USp(2)) − (O(2)), where S denotes an adjoint hypermultiplet of USp(2N) gauge group [27, 28].
The Coulomb branch dimension of this mirror theory is 2
(∑k−1
j=1 j
)
+ k +N = k2 +N . This is in
agreement with the above Higgs branch dimension.
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• S〈S2〉G{0, YL, YR} denotes the class S theory of type G associated with a sphere
with one maximal puncture 0, and two other punctures YL and YR.
• S4d(∅,G){SU(N), G} is a certain 4d field theory with a flavour symmetry SU(N)×
G. Upon gauging the SU(N) symmetry, the theory S4d(∅,G){SU(N), G}/SU(N)
can be realised as the T 2 compactification of [20, Sec. 5.4]
TG({∅, (0)}, n′) (G) (G) . . . (G)︸ ︷︷ ︸
N−n′−1 copies of
[G] . (7.2)
TG({∅, (0)}, n′) denotes the T-brane theory [12] of type (G,G) associated with
the principal orbit ∅ and the trivial orbit (i.e. maximal puncture) (0), with
the flavour symmetry G of the latter being gauged. As introduced in (2.5), the
notation [G] [G] denotes the minimal conformal matter of type (G,G). We
will make (7.2) more explicit shortly.
For G = SU(k) or G = SO(2k), S4d(∅,G){SU(N), G} is in fact a class S theory
discussed in the previous section:
S4d(∅,SU(k)){SU(N), SU(k)} = S〈S2〉SU(N){[1N ], [1N ], [N − k, 1k]}
S4d(∅,SO(2k)){SU(N), SO(2k)} = S〈S2〉SU(2N){[2N ], TM,Ok} ,
(7.3)
where the notation in the latter equation is explained around (6.7). The de-
scription in terms of a class S theory for G = E6,7,8 is currently not known.
• The SU(N) factor in the denominator denotes the gauging of the flavour sym-
metry SU(N) in S4d(∅,G){SU(N), G}, and the factor diag(G × G) denotes the
gauging of the diagonal subgroup of G×G coming from S4d(∅,G){SU(N), G} and
the puncture 0 in S〈S2〉G{0, YL, YR}.
Using (7.1) and (7.3), we can compute the Higgs branch in a similar way as in
(6.5) and (6.9). For G = SU(k), the result is
dimH Higgs of (7.1) =
[
3
2
(N2 −N)− d[N−k,1k] + (N − 1)
]
+
[
3
2
(k2 − k)− dYL − dYR + (k − 1)
]
− (N2 − 1)− (k2 − 1) + (N − 1)
= N + (k2 − 1)− dYL − dYR ,
(7.4)
in agreement with (5.2) upon setting n = N − 1. For G = SO(2k), the result is
dimH Higgs of (7.1) = (N
2 +N + k2 − 1) + (3k(k − 1)− dYL − dYR + k)
− (N2 − 1)− 1
2
(2k)(2k − 1)
= N +
1
2
(2k)(2k − 1)− dYL − dYR ,
(7.5)
in agreement with (5.2) upon setting n = N − 1.
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7.1 The 6d origin of S4d(∅,G){SU(N), G}/SU(N)
The explicit F-theory quiver for (7.2) is:
G = SU(k) :
su1
2
su2
2
su3
2 . . .
suk−1
2
suk
2
[Nf=1]
suk
2 . . .
suk
2︸ ︷︷ ︸
N−k
[SU(k)]
G = SO(2k) : 2
su2
2
g2
3 1
so9
4
usp2
1 · · ·
so2k−1
4
usp2k−8
1
[Nf= 12 ]
so2k
4
so2k
4 . . .
so2k
4︸ ︷︷ ︸
N−k
[SO(2k)]
G = E6 : 2
su2
2
g2
3 1
f4
5 1
su3
3 1
e6
6
e6
6
e6
6 . . .
e6
6︸ ︷︷ ︸
N−5
[E6]
G = E7 : 2
su2
2
g2
3 1
f4
5 1
g2
3
su2
2 1
e7
8
e7
8
e7
8 . . .
e7
8︸ ︷︷ ︸
N−5
[E7]
G = E8 : 2
su2
2
g2
3 1
f4
5 1
g2
3
su2
2 2 1
e8
11 1 2
su2
2
g2
3 1
f4
5 1
g2
3
su2
2 2 1
e8
12
e8
12 . . .
e8
12︸ ︷︷ ︸
N−6
[E8] .
(7.6)
The number under each of the braces indicates the number of copies of the minimal
conformal matter theories (blue long dashes). The CFT Higgs branch dimension of
each theory can be computed using (5.2) as follows:
dimCFTH Higgs of (7.6) = n
′ + dim(G) + 1− 1
2
[dim(G)− rank(G)]
+ (dim(G) + 1)(N − n′ − 1)− dim(G)(N − n′ − 1)
= N +
1
2
[dim(G) + rank(G)] .
(7.7)
Under the assumption that the T 2 compactification does not affect the Higgs branch
moduli space, we claim that
dimH Higgs of
S4d(∅,G){SU(N), G}
SU(N)
= N +
1
2
[dim(G) + rank(G)] . (7.8)
In fact, it can be checked that this agrees with (7.3) for G = SU(k) and G = SO(2k).
Using this dimension formula with (7.1), we find that
dimCFTH Higgs of (7.1) = N +
1
2
[dim(G) + rank(G)] +
3
2
[dim(G)− rank(G)]
− dYL − dYR + rank(G)− dim(G)
= N + dim(G)− dYL − dYR ,
in agreement with (5.2) upon setting n = N − 1.
It is worth noting that, as pointed out in [20], for G = SU(N), YR = [1
N ] and YL
a non-principal orbit, the diag(SU(N)×SU(N)) gauge group in (7.1) is IR free. Even
in this non-conformal case, our computation using the 4d description (7.6) yields a
result which is in agreement with the corresponding CFT Higgs branch dimension
given by (5.2).
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8 Conformal matter theories frozen to non-simply-laced groups
on T 2
We will now consider partially frozen conformal matter theories — more specifically,
the HHN theories T frG→Gfr(N −1) discussed in section 5, which describe N M5-branes
probing a ΓG singularity frozen to Gfr. When Gfr is a non-simply-laced Lie group,
this is a possible definition of (Gfr, Gfr) conformal matter.
The resulting theories T frG→Gfr(0) were given in (5.5). The longer chains T frG→Gfr(N)
can once again be defined as [Gfr] [Gfr] . . . [Gfr]. We will shortly provide an ex-
plicit check that the CFT Higgs branch dimension of each of these theories is equal
to dim(Gfr) + 1. For [SO(2k + 1)] [SO(2k + 1)] we do not manage to find a 6d
F-theory quiver whose CFT Higgs branch dimension is equal to this value.8
We also mentioned that these theories can be generalized by Higgsing theGfr×Gfr
flavor symmetry by two nilpotent elements, thus defining non-simply-laced T-brane
theries. The cases Gfr = G2 and F4 can be written explicitly using [12, Sec. 4.2].
We conjecture that the T 2 compactification of the CFT point of T frG→Gfr({Y L, Y R}, n)
is described by
S4d
(∅,Ĝ)
(SU(N), Ĝ)× S〈S2〉Ĝ{[0Ĝ, Y L, Y R]}
SU(N)× diag(Ĝ× Ĝ) , (8.2)
where n = N − 1; Ĝ denotes a simply laced group whose outer-automorphism action
gives rise to the non-simply-laced group Gfr; 0Ĝ denotes the untwisted maximal
puncture of Ĝ; Y L and Y R are twisted punctures of Ĝ; and
• for Gfr = G2, we take Ĝ = SO(8);
• for Gfr = F4, we take Ĝ = E6;
• for Gfr = USp(2k), we take Ĝ = SO(2k + 2);
• for Gfr = SO(2k + 1), we take Ĝ = SU(2k) .
Note that the Higgs branch dimension of S4d
(∅,Ĝ)
(SU(N), Ĝ)/SU(N) can be computed
using (7.8). Below we compute the Higgs branch dimension of the 4d theory (8.2)
and compare with the CFT Higgs branch dimension of the 6d quivers in (5.5). We
find an agreement between the two results in each case.
8One may wish to consider the following quiver:
[SO(2k + 1)]
spk−3
1
so2k+3
4
spk−2
1
[Nf=
1
2 ]
so2k+4
4
spk−2
1
[Nf=
1
2 ]
so2k+3
4
spk−3
1 [SO(2k + 1)] . (8.1)
According to (4.29), this theory has the CFT Higgs branch dimension 2k2 + 3k+ 6, not 2k2−k+ 1.
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8.1 The case of G = G2
For TE8→G2(0) (minimal conformal matter of type (G2, G2)), the CFT Higgs branch
dimension can be read off from (5.4): it gives dim(G2) + 1 = 15.
Upon compactifying the fixed point of this theory on T 2, we conjecture the
resulting theory is the class S theory of the twisted SO(8) type associated with
a sphere with two maximal Z3-twisted punctures, denoted by 0G2 [29], and one
(untwisted) subregular orbit [5, 3] of SO(8):
0G2 , 0G2 , [5, 3] . (8.3)
For the trivial orbit 0G2 , nH − nV = 112 − 107; for the trivial orbit [18] of SO(8),
nH − nV = 112 − 100; and 11 is the dimension of the [5, 3] orbit. Thus the Higgs
branch dimension of this class S theory is
2(112− 107− 0) + (112− 100− 11) + 4 = 15 , (8.4)
in agreement with the six-dimensional result dim(G2) + 1 = 15.
Now let us consider the Higgs branch dimension of the 4d system (8.2):
S4d(∅,SO(8))(SU(N), SO(8))× S〈S2〉SO(8){0SO(8), Y L, Y R}
SU(N)× SO(8) . (8.5)
This is given by
dimH Higgs of (8.5)
= (N + 16) +
[
(112− 100− 0) + (112− 107− dim Y L)
+ (112− 107− dim Y R) + 4
]
− 28
= N + 14− dim Y L − dim Y R
= n + 15− dim Y L − dim Y R ,
(8.6)
which is in agreement with the CFT Higgs branch of T 6dG2 ({YL, YR}, n) given by (5.2)
with G→ Gfr (recall the difference between (5.1) and (5.4)).
8.2 The case of G = F4
For TE8→F4(0), minimal conformal matter of type (F4, F4), the CFT Higgs branch
dimension can be read off from (5.4): it gives dim(F4) + 1 = 53.
Upon compactifying the fixed point of this theory on T 2, we conjecture the result-
ing theory is the class S theory of the twisted E6 type associated with a sphere with
two maximal twisted punctures, denoted by 0F4 [30], and one (untwisted) subregular
orbit E6(a1) of E6:
0F4 , 0F4 , E6(a1) . (8.7)
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The Higgs branch dimension of this class S theory can be computed as follows.
624− 601 is nH − nV of the trivial orbit 0F4 , 624− 588 is the nH − nV of the trivial
orbit 0 of E6, and 35 is the dimension of the E6(a1) orbit. Thus we get
2(624− 601− 0) + (624− 588− 35) + 6 = 53 , (8.8)
in agreement with the 6d result dim(F4) + 1 = 53 above.
Now let us consider the Higgs branch dimension of the 4d system (8.2):
S4d(∅,E6)(SU(N), E6)× S〈S2〉E6{0E6 , Y L, Y R}
SU(N)× E6 , (8.9)
This is given by
dimH Higgs of (8.5)
= (N + 42) +
[
(624− 588− 0)
+ (624− 601− dim Y L) + (624− 601− dim Y R) + 6
]
− 78
= N + 52− dim Y L − dim Y R
= n + 53− dim Y L − dim Y R ,
(8.10)
which is in agreement with the CFT Higgs branch of T 6dF4 ({YL, YR}, n) given by (5.2)
with G→ Gfr.
8.3 The case of G = USp(2k)
Once again, for TSO(2k+2)→USp(2k)(0), the CFT Higgs branch dimension can be read
off from (5.4): it gives
dim(USp(2k)) + 1 = 2k2 + k + 1 . (8.11)
Upon compactifying the fixed point of this theory on T 2, we conjecture the resulting
theory is the class S theory of the twisted Dk+1 type [31] associated with a sphere
with two maximal twisted punctures, denoted by [12k] and carrying flavour symmetry
USp(2k), and one (untwisted) subregular orbit [2k − 1, 3] of Dk+1:
[12k], [12k] , [2k − 1, 3] . (8.12)
The Higgs branch dimension of this class S theory is
2
[
(k + 1)2 − 2(k + 1) + 1
2
− 0
]
+ [(k + 1)k
− {(k + 1)2 − (k + 1)− 1}] + (k + 1)
= 2k2 + k + 1 = (8.11) ,
(8.13)
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where (k+ 1)2− 2(k+ 1) + 1
2
is the value of nH − nV for the puncture [12k]; (k+ 1)k
is the value of nH −nV for the puncture [12k+2] of Dk+1; and {(k+ 1)2− (k+ 1)− 1}
is the dimension of the orbit [2k − 1, 3] of Dk+1.
Now let us consider the Higgs branch dimension of the 4d system (8.2):
S4d(∅,Dk+1)(SU(N), Dk+1)× S〈S2〉Dk+1{0Dk+1 , Y L, Y R}
SU(N)× SO(2k + 2) , (8.14)
This is given by
dimH Higgs of (8.14)
= N + (k2 + 1) +
[
2
{
1
2
− 2(k + 1) + (k + 1)2
}
+ (k + 1)k
− dim Y L − dim Y R + (k + 1)
]
− 1
2
(2k + 2)(2k + 1)
= N +
1
2
(2k)(2k + 1)− dim Y L − dim Y R
= n + dim(Ck) + 1− dim Y L − dim Y R ,
(8.15)
which is in agreement with the CFT Higgs branch of T 6dUSp(2k)({YL, YR}, n) given by
(5.2) with G→ Gfr.
8.4 Remarks
A puzzle about the Coulomb branch dimension So far we have compared the
CFT Higgs branch dimension of the 6d theory with the Higgs branch dimension of the
4d theory upon the T 2 compactification, and we have found a nice agreement between
the two. However, there is a mismatch when we compare (a) the number of the tensor
multiplets + the total rank of the gauge groups in the minimal conformal matter of
type (G,G) with G non-simply-laced with (b) the Coulomb branch dimension of the
4d theory upon the T 2 compactification.
As an example, for the minimal conformal matter theory of type (G2, G2), (a)
the number of tensor multiplets + the total rank of the gauge groups is 11 + 1 + 8 +
1 + 2 + 4 = 27, whereas (b) the Coulomb branch of 4d theory given by (8.3) is 3
complex dimensional (see # 18 on Page 8 of [29]). There is mismatch of 24 complex
degrees of freedom.
A possible explanation of this is that the result of compactification consists of an
interacting SCFT and a collection of free vector multiplets. In the above example,
we conjecture that the aforementioned SCFT is the class S theory (8.3) and there
are 24 free vector multiplets. We hope to address this problem in future work.
The case of G = SO(2k + 1) A frozen singularities of C2/ΓG in M-theory cannot
possess SO(2k+1) symmetry with k ≥ 4 on it, therefore there seems no natural way
to define “(SO(2k + 1), SO(2k + 1)) conformal matter”. Nevertheless, we can find
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that the Higgs branch dimensions of 4d systems (8.2) with the formula (5.2) with
G = SO(2k + 1) and nilpotent orbits YL, YR of the group. The Ĝ in (8.2) should be
taken to be SU(2k), so that the twisted full puncture 0 has SO(2k + 1) symmetry
[26]. Then, the 4d system (8.2) is
S4d(∅,SU(2k))(SU(N), SU(2k))× S〈S2〉SU(2k){[12k], Y L, Y R}
SU(N)× SU(2k) , (8.16)
and one can explicitly calculate the Higgs branch dimension which agrees with (5.2).
8.5 Fractional M5-branes on T 2
In this subsection, we will comment about the “short” theories discussed in section
5.6, namely the (E7, SO(7)), (E8, G2) and (E8, F4) conformal matter theories, whose
F-theory quivers we saw in (5.11). These theories describe 1/2 M5-branes on C2/ΓE7 ,
1/3 M5-branes on C2/ΓE8 , and 1/2 M5-branes on C2/ΓE8 , respectively. Although
these are not really of the type T frG→Gfr(N), they are also frozen conformal matter
theories in the sense of section 2.4, and it turns out that we can check their dimensions
as well.
The compactification on T 2 of (E7, SO(7)) was studied in [15] and admits the
class S description as the E6 type theory on a sphere with punctures 0, 2A1, E6(a1).
The T 2 compactification of (E8, G2) and (E8, F4) were studied in [32]. In particular,
(E8, G2) admits the class S description as the E7 type theory on a sphere with
punctures 0, 2A2, E7(a1). The T
2 compactification of (E8, F4), on the other hand, is
not found to have a direct class S description but seem to appear in the class S theory
of the E8 type associated with a sphere with punctures 0, D4, E8(a1). This class S
theory is in fact is a product of two SCFTs: one is the rank-1 Minahan-Nemeschansky
E8 SCFT and the other is an SCFT with an E8 × F4 global symmetry. The latter
factor is conjectured to be T 2 compactification of (E8, F4).
The CFT Higgs branch dimension computed from (4.29) agrees with the Higgs
branch dimension of the 4d theory resulting from the T 2 compactification: they are
63, 92 and 136 respectively.
9 Completely frozen conformal matter on T 3
In this section, we consider the quivers (5.7) that arise from the completely frozen
D4, E6, E7 and E8 singularities.
From (5.4) with Gfr = trivial, we see that the CFT Higgs branch all of these
quivers has quaternionic dimension equal to 1, and hence isomorphic to C2/Γ for
some finite subgroup Γ of SU(2); it is natural to conjecture that in fact Γ = ΓG.
Upon compactifying on T 2 (resp. T 3), each of the resulting 4d (resp. 3d) theories has
the complex (resp. quaternionic) Coulomb branch dimension equals to the number
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G Mirror theory
SO(8) ◦
U(1)
−
•U(1)
|◦
U(2)∗
|•U(1)
− ◦
U(1)
E6 ◦
U(1)
− ◦
U(2)
−
•U(1)
|•U(2)
|◦
U(3)∗
− ◦
U(2)
− ◦
U(1)
E7 ◦
U(1)
− ◦
U(2)
− ◦
U(3)
−
•U(2)
|◦
U(4)∗
− ◦
U(3)
− ◦
U(2)
− ◦
U(1)
E8 ◦
U(1)
− ◦
U(2)
− · · · − ◦
U(5)
−
•U(3)
|◦
U(6)∗
− ◦
U(4)
− ◦
U(2)
Table 2. Three dimensional mirror theory of the T 3 compactification of the theory on
a single M5-brane on the completely frozen C2/ΓG singularity. Here U(N)∗ denotes
U(N)/U(1) ∼= SU(N)/ZN .
of tensor multiplets + the total rank of the gauge groups in the F-theory quiver. For
all the theories in (5.7), this turns out to be equal to
h∨G − 1 , (9.1)
where h∨G is the dual Coxeter number of G. Note that (9.1) is also equal to the
dimension of the reduced moduli space of one G instanton on C2.
Based on these properties, we conjecture that the T 3 compactification of each
(5.7) is a quiver with the shape of the affine Dynkin diagram of type G, with gauge
groups being unitary groups of ranks equal to the Coxeter labels and overall U(1)
being removed [33, 34]: see table 2.
The G = SO(8) case is confirmed by a result in [35, Sec. 3.2], according to which
the S1 compactification of this theory is an SU(2) gauge group coupled to four
copies of D̂2(SU(2)). Compactifying further to four dimensions, the latter become
four copies of D2(SU(2)), which is simply an SU(2) fundamental hypermultiplet (see
for example [36, Eq. (B.2.1),(10.5.2)]). Upon further S1 compactification down to
three dimension, this should give the SO(8) entry in table 2.
The theories in table 2 are also the 3d mirror theories [33] of the S1 reduction of
the class S theories of SU(N) type associated with a sphere with 3 punctures [27]:
G = SO(8) : [12] , [12] , [12] , [12] ;
G = E6 : [1
3] , [13] , [13] ;
G = E7 : [1
4] , [22] , [14] ;
G = E8 : [1
5] , [32] , [23] .
(9.2)
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A duality chain. For the compactification of the 6d theories in question on T 3,
we can start from (A) an M5-brane probing C2/ΓG and wrapping T 3. Upon using
the duality chain of [15], we arrive at (B) an M2-brane probing C2/ΓG×T 3. A frozen
singularity in (A) is mapped to a commuting triple holonomy around T 3 far from
the M2-brane in (B). In fact, the theories in table 2 were found in [37] to describe
the mirror of the worldvolume of an M2-brane probing C2/ΓG × C2 (whose direct
description would be the ADHM field theory associated with the reduced moduli
space of one G instanton on C2). It would be interesting to understand better the
relationship between these two pictures.
A comment on the non-completely frozen cases. Let us briefly comment
on T 3 compactification of TĜ→Gfr(0) when Gfr is non-trivial. Recall that we have
discussed T 2 compactification of such theories in section 8. The result is a class S
theory of type Ĝ associated with a sphere with two twisted maximal puntures 0Gfr
and an untwisted minimal puncture Ĝ(a1). The 3d mirror of the S
1 compactification
of this class S theory is given by [27, 28]
T0Gfr
(G∨fr)× T0Gfr (G
∨
fr)× TĜ(a1)(Ĝ)
G∨fr/Z(G
∨
fr)
, (9.3)
where Tρ(G), with ρ an orbit of the Langlands dual group G
∨ of G, denotes a 3d
N = 4 theory living on the 1/2-BPS domain wall in the 4d N = 4 theory of gauge
group G; this is described in [38]. The factor G∨fr denominator denotes the gauging
of the flavour symmetry G∨fr coming from (1) two copies of T0Gfr (G
∨
fr), and (2) the
G∨fr subgroup of Ĝ flavour symmetry of TĜ(a1)(Ĝ). The notation Z(G) denotes the
centre of the group G. In particular, for Ĝ = SO(2k+2) and Gfr = USp(2k), so that
G∨fr = SO(2k + 1), (9.3) admits a Lagrangian description, which can be represented
as a star-shaped quiver [27]:
•
1
− •
2
− •
3
− •
4
− · · · − •
2k−1
− •
2k
−
1
|•2
|•
2k+1
− •
2k
− •
2k−1
− · · · − •
4
− •
3
− •
2
− •
1
(9.4)
where the blue node with a label m denotes the O(m) gauge group and the red node
with an even label m denotes the USp(m) gauge group. Each leg of the above quiver
comes from two copies of the first of the following theories and one copy of the second
of the following theories [38, 39]:
T[12k](SO(2k + 1)) : •
1
− •
2
− •
3
− •
4
− · · · − •
2k−1
− •
2k
− 
2k+1
(9.5)
T[2k−1,3](SO(2k + 2)) : •
2
− 
2k+2
or equivalently 
1
− •
2
− 
2k+1
. (9.6)
where the SO(2k+ 1) flavour symmetries are commonly gauged and glued together.
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Note that we have gauged the subgroup SO(2k + 1) of SO(2k + 2). One can
check that the Coulomb branch dimension of (9.4) agrees with (8.11):
dimH Coulomb of (9.4) = 2
[(
k−1∑
j=0
j
)
+
(
k∑
j=1
j
)]
+ k + 1
= 2k2 + k + 1 = (8.11) .
(9.7)
The Higgs branch dimension of (9.4) is
dimH Higgs of (9.4)
= 2
[
2k∑
j=1
1
2
j(j + 1)
]
+
1
2
(2)(2k + 1) +
1
2
(2)(1)− 2
[
k−1∑
j=0
1
2
(2j + 1)(2j)
]
− 2
[
k∑
j=1
1
2
(2j)(2j + 1)
]
− 1
2
(2k + 1)(2k)− 3
= k − 1 .
(9.8)
This agrees with the Coulomb branch dimension of the corresponding theory of class
S; in particular, for k = 3, the quaternionic Higgs branch dimension of (9.4) is 2
which is equal to the sum of graded Coulomb branch dimensions of Fixture #66 of
[31, p. 49].
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